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1 Introduction 

The pathwise stationary solution of a stochastic dynamical system is one of the fundamental concept 
in the study of the long time behaviour of the stochastic dynamical systems. It describes the pathwise 
invariance of the stationary solution, over time, along the measurable and P-preserving transformation 
0t : J7 — > i7 and the pathwise limit of the solutions of the random dynamical systems: 

u{t,Y{uj),uj) ^Y{etuj) i>0, a.s., (1.1) 

where u : [0, oo) xUxf2—>U is a measurable random dynamical system on a measurable space (U, B) 
over a metric dynamical system (^2, J- , P, {9t)t>a) and 1" : ^? — s- [/ is a .7^-measurable stationary solu- 
tion. Needless to say that the "one-force, one-solution" setting is a natural extension of the equilibrium 
or fixed point in the theory of the deterministic dynamical systems to stochastic counterparts. Such a 
random fixed point consists of infinitely many randomly moving invariant surfaces on the configuration 
space due to the random external force pumped to the system constantly. Therefore, in contrast to 
the deterministic dynamical systems, the existence and stability of stationary solutions of stochastic 
dynamical systems, generated e.g. by SDEs or SPDEs, are a difficult and subtle problem. 

In many works on random dynamical systems the existence of stationary solutions is a basic as- 
sumption, e.g. in the study of stability (Has'minskii [11]) and in the theory of stable and unstable 
manifolds (Arnold [l], Mohammed, Zhang and Zhao [15], Duan, Lu and Schmalfuss [10]). These the- 
ories gave neither the existence of stationary solutions, nor a way to find them. Although in [T5] . 
Mohammed, Zhang and Zhao introduced an integral equation of infinite horizon for the stationary 
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solutions of certain stochastic evolution equations, the existence of the solutions of such stochastic 
integral equations in general is far from clear. 

Besides, from a pathwise stationary solution we can construct an invariant measure for the skew 
product of the metric dynamical system and the random dynamical system. The invariant measure 
describes the invariance of a certain solution in law when time changes, therefore it is a stationary 
measure of the Markov transition probability. It is well known that an invariant measure gives a 
stationary solution when it is a random Dirac measure. Although an invariant measure of a random 
dynamical system on gives a stationary solution, in general, this is not true unless one considers 
an extended probability space. However, considering the extended probability space, one essentially 
regards the random dynamical system as noise as well, so the dynamics is different. In fact, the pathwise 
stationary solution gives the support of the corresponding invariant measure, so reveals more detailed 
information than an invariant measure. 

In spite of the importance of stationary solution, the difficulties, arising mainly from random 
external force, prevent researchers form finding a method universal to the stationary solutions of 
SPDEs with great generalities. Some works on stationary solutions of certain types of SPDEs usually 
under additive or linear noise include Sinai [20j . [21j for stochastic Burgers' equations with periodic 
or random forcing, Caraballo, Kloeden, Schmalfuss [51 for stochastic evolution equations with small 
Lipschitz constant. If one notices the solutions of infinite horizon backward stochastic differential 
equations (BSDEs) give a classical or viscosity solution of elliptic type PDEs (Poisson equations) from 
the works of Peng [19] and Pardoux [16], then it would be natural to conjecture the stationary solutions 
of SPDEs can be represented as the solutions of infinite horizon backward doubly stochastic differential 
equations (BDSDEs). Inspired by this idea, Zhang and Zhao in [52] proved that under the Lipschitz 
and monotone conditions, the L^(R'^;]R^) (g) Lp(R'*;R'*) valued solution of an infinite horizon BDSDE 
exists and gives the stationary weak solution of the corresponding parabolic SPDE. Zhang and Zhao 
further considered this problem under the linear growth and monotone conditions in 23J. It is easy 
to see the solutions of elliptic type PDEs give the stationary solutions of the corresponding parabolic 
type PDEs, however, for SPDEs of the parabolic type, such kind of connection does not exist, so in 
this sense BDSDEs (or BSDEs) can be regarded as more general SPDEs (or PDEs). 

The stochastic viscosity solution of SPDE was first put forward by Lions and Souganidis in [14] 
through stochastic characteristics to remove the stochastic integrals in the SPDE. Then Buckdahn and 
Ma in [5]- [7] gave their definition through the Doss-Sussmann transformation. After that a few works on 
stochastic viscosity solutions of SPDEs emerge using Buckdahn and Ma's definition and corresponding 
BDSDEs, such as Boufoussi, Van Casteren and Mrhardy [1] for the SPDEs with Neumann boundary 
conditions, Boufoussi and Mrhardy [3] for the multivalued SPDEs. Then an interesting question arises: 
can we also find the stationary solution of some SPDE in the sense of stochastic viscosity solution? 
This paper gives this question a positive answer. By adopting Buckdahn and Ma's definition and using 
its connection with BDSDE we can find the stationary stochastic viscosity solution of the following 



Here {Bt)t>o is a Brownian motion with values in M'; /, g satisfy the condition (A.1)-(A.3) in Section 
2; is the infinitesimal generator of the diffusion process X*'^ generated by the SDE as follows: 



SPDE: 





^x, 0<s<t, 



(1.3) 



Stationary Stochastic Viscosity Solutions of SPDEs 3 



where {Wt)t>o, independent of {Bt)t>o, is a Brownian motion with values in R'^ and b, a satisfy the 
condition (A. 4) in Section 2, hence ^ is given by 

1 " 9^ " d 

with (atj(x)) — aa*(x) and 62(x), • • -^bnix))^ = b{x). The infinite horizon BDSDEs we study 

as our tool can be written in the following integration from: 

e-^*y,*'"=y e-^''/(X;^",l;*'^Z*'")dr + y —Q-^^Y^^^dr 

- e-'^'-{g{Xl.-\Y^-'-),SBr)- e-'^^Zl^-,dWr), s>t. (1.4) 

J s J s 

Here B is the time reverse version of B, i.e. Bg = Bt-s — Bt for arbitrary T > and all s e R^, and 
the integral w.r.t. i3 is a backward Ito's integral (see [22] for details and the relationship between the 
forward and backward Ito's integral). Our purpose is to prove that, for arbitrary T > and < t < T, 
v{t,x){u!) = Y^Zt'^i'^) is a stationary stochastic viscosity solution of SPDE p. 21) . Five sections are 
organized in this paper for this purpose. In next section we give brief introduction to the notion of 
stochastic viscosity solutions of SPDEs and the connection between SPDEs and BDSDEs in the sense 
of stochastic viscosity solution. In Section 3 under the assumption of the existence, uniqueness and 
regularity of solution to infinite horizon BDSDE, we study its stationary property, in which the general 
version "perfection procedure" plays an important role. The existence, uniqueness and regularity of 
solution to infinite horizon BDSDE are proved in Section 4. In Section 5 we deduce the stationary 
property for the stochastic viscosity solutions of SPDEs constructed by the solutions of infinite horizon 
BDSDEs. 

As far as we know, the connection between the pathwise stationary stochastic viscosity solutions 
of SPDEs and infinite horizon BDSDEs in this paper is new. By the techniques as we dealt with the 
weak solutions of PDEs or SPDEs in (2^ and p4|, we believe this connection can be extended to 
studying the stationary stochastic viscosity solutions of more general parabolic SPDEs such as those 
with linear or polynomial growth nonlinear terms, more types of noises etc., but in this paper we 
only study Lipschitz continuous nonlinear term and finite dimensional noise for simplicity in order to 
initiate this method to the case of stationary stochastic viscosity solutions of SPDEs. Finally we would 
like to point out that the uniqueness of the stationary solution of SPDE (|1.2p is still an open problem 
due to its complexity. 



2 Definition and Results for Stochastic Viscosity Solutions of SPDEs 

The main purpose of this paper is to find the stationary stochastic viscosity solution of SPDE p.2p . 
As shown in [52] and under appropriate conditions, for T > i > 0, defining u{t, x) = v{T — t,x), 
we can obtain the time reverse version of SPDE (|1.2p on [0, T]: 

u{t, x) = u{T, x) + / [JSi'u{s,x) + f(^x,u{s,x),{a*'Vu){s,x))]ds— / {g(^x,u{s,x)^,d^Bs). 

(2.1) 
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The BDSDE on [t, T] associated with SPDE ([23]) has the following form: 

yt,^ ^ Y^'- + 1^ /(X^'^ Y,''-,Zlndr - j\g{Xl'^Xn,d^B.r) - j\zl^\ dWr). (2.2) 

For kj > 0, we denote by C^'' the set of C'''' -functions whose partial derivatives of order for the 
first variable less than or equal to k and for the second variable less than or equal to I are bounded. 
We assume 

(A.l). Functions f : R'^ x x — > and g : K'' x — > M' are ^jjd (g) ^jri (g) and 
measurable respectively, and there exist constants Co, Ci, C > s.t. for any (xi,?/i,zi), 
{x2,y2,Z2) gR'' xRi xR'i, 

- f{x2,y2,Z2)\'^ < Cq\xi - a;2p + Ci\yi - + C\zi - Z2p, 
-g{x2,y2)\'^ < Co\xi -X2p -l-C|yi -y2p; 

(A.2). eC,'^'(R'^ xRi;RO; 

(A.3). There exist constants is: e R+ , p >d+2, K < K' < 2K and n > with 2^-fii:'-^^^C > 
s.t. for any yi, 1/2 ^ R^ , x, z <E R"^, 

(2/1 - y2){f{x,yi,z) - f(x,y2,z)) < -fj.\yi - yaP; 

(A. 4). Functions 6(-) : R"* — > M'', ct(-) : M'' — > M'''''^ are globally Lipschitz continuous with Lipschitz 
constant L and for p, K in (A.3), K - pL - S^p^L"^ > 0. 

Denote the set of C"-functions with linear growth by C°. Buckdahn and Ma proved that if u{T, •) e 
C;°(R'*;Ri) is given, the solution Y*''' of BDSDE ((221), {t,x) e [0, T] x R'^, is a stochastic viscosity 
solution of SPDE (|2.ip under Conditions (A.l), (A.2) and (A. 4), therefore it gives the stochastic 
viscosity solution of SPDE (|1.2p through the time reversal argument. To benefit the reader, we include 
briefly Buckdahn and Ma's definition of stochastic viscosity solution of SPDE (|1.2p through the Doss- 
Sussmann transformation in [5]-[7]- 

Let Af be the class of P null measure sets of For any process (?7t)t>o, ■^st — o-{ilr ^ Vs', 
Q < s <r <t}\J ■^l' = ^o',t> -^1,00 - \lT>o-^t,T- Let E and F be the generic Euclidean spaces, 
then we denote 

• ^^rj^ to be all the {=^t^}t>o stopping times t such that < r < T a.s., where T > is some fixed 
time horizon; 

• for any sub-cr-field C and real number p > 0, Ui^-. E) to be E-valued, ^^-measurable random 
variables ^ such that < 00; 

• for any sub-cr-field ^ C C^'\^ ^ [0,r] x E;F) to be the space of aU C''''([0,r] x E;F)-valued 
random variables that are 'S (E) ^[o.t] .^^E-measurable; 

• C''^\{,^f}t>o, [0,T] X E;F) to be the space of aU random fields tp e C^^\.^^ , [0,T] x E;F), such 
that for fixed a; G E, the mapping (t, w) — » if{t^XTUj) is -progressively measurable. 

The definition of stochastic viscosity solution depends heavily on the following stochastic flow 
A e C°'°({^/'}t>o, [0,r] X R'* X Ri;Ri), defined as the unique solution of the following SDE 

A(i,2:,?;) = y + i j {g,Dyg){x,X{s,x,y))ds - J {g{x,X{s,x,y)),dBs). 
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Under Condition (A. 2), X{t,x,y) is a stochastic flow, i.e. for fixed x, the random field X{t,x,y) is 
continuously differentiable in the variable y, and the mapping y — > X{t, x, y) defines a diffeomorphism 
for all {t,x), P-a.s. Denote the inverse of A by C,{t,x,y) — {X{t, x, ■))^^ (y). 

Definition 2.1 (0) A random field w € C°'°{{^f}t>Q, [0, T] x M'*; M^) is called a stochastic viscosity 
subsolution (resp. supersolution) of SPDE (|1.2p . if w{0,x) < (resp.>) v{0,x), Mx £ R'*; and if for any 
r e ^Ij,, C e L°{^^\W^), and any random field ip S [0,r] x satisfying 

w{t,x) - X{t,x,Lp{t,x)) < (resp. >) = u;(t, ^) - A(r, ^, (^^(t, ^)), 

for all in a neighborhood of (r, f), P-a.e. on the set {0 < r < T}, it holds that 

=5fV(T,C) + /(C,^(T,0,^*(e)^V'(T,C)) > (resp. <) i?,A(T,^,^(r,0)A^(T,C), 

F-a.e. on {0 < T < T}, where ■(/'(i, a;) = A(t, (^(t, x)). 

A random field w £ C°'°({^/'}t>o, [0, T] x M'*; M^) is called a stochastic viscosity solution of SPDE 
(|1.2p . if it is both a stochastic viscosity subsolution and a supersolution. 



By Doss-Sussmann transformation, SPDE (|1.2p can be converted to the following PDE 

?j(i, x) = {5(0, a;) + / [^ti(s, a;) + /(s, X, 'y(s, x), (T* (a:)-Du(s, a:;))]ds, (2-3) 

where 

f{t,x,y,z) = ] -{f{x,X{t,x,y),a*{x)D^X{t,x,y)+DyX{t,x,y)z) 

UyA[t, X, y) 

+^xMt,x,y) + {<7*{x)DxyX{t,x,y),z} + ^DyyX{t,x,y)\zf), 

and the stochastic viscosity solutions of p.2p and (|2.3p have a kind of relationship like v{t,x) = 
(^(t, x,v{t, x)). The Doss-Sussman transformation plays a big role in the notion of the stochastic vis- 
cosity solution of SPDE (|1.2p . For more details, see Buckdahn and Ma [5]-[7]. 
Define 

For q > 2, we define some useful solution spaces. 

Definition 2.2 Let § 6e a Banach space with norm || • ||s and Borel a-field .y . For K S M"*", we denote 
by M''~^([0, c»); §) the set of ^]^+ ® ^ j measurable random processes {4>{s)}s>o with values in S 
satisfying 

(i) 4>{s) : J7 — > § is measurable for s > 0; 
(n) E[J^^e-^ms)\\lds]<^. 

Also we denote by S'^'~^ {[0, oo);E>) the set of ® ^ j measurable random processes {V''('S)}s>o 
with values in § satisfying 

(i) ip{s) '■ —> S is measurable for s > and ^j{-,u}) is continuous P-a.s.; 
(ii) i?[sup,>oe-^-||^(s)|||] <^. 

Similarly, for < t < T < oo, we define M«'"([t, T]; S) and S"?^0([i, T]; §) on a finite time interval. 
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Definition 2.3 Let S be a Banach space with norm \\ ■ ||g and Borel a-field . We denote by 
T]; §) the set of ^[t^T] ® / measurable random processes {4>{s)}t<s<T with values in § 
satisfying 

(i) 4>{s) : J7 — > § is ^s,T V oc measurable for t < s < T ; 
(U) E[J^ms)\\lds]<^. 

Also we denote by S''''^{[t,T];S) the set of 3§[tx] ® ^ 1 measurable random processes {ip{s)}t<s<T 
with values in § satisfying 

(i) tp{s) : i7 — > S is =^s,T V '^T oo "measurable for t < s < T and oj) is continuous P-a.s.; 
(ii) E[supt<,<T\\^p{s)\\l] < oo. 

The following Buckdahn and Ma's result established the connection between the solution of BDSDE 
(|2.2p and the stochastic viscosity solution of SPDE p.2p on finite time interval [0,T]. 

Theorem 2.4 (5) Assume Conditions (A.l), (A. 2), (A. 4) are satisfied and the function w(0, •) G 
Cl\R'^) IS given. Then v(t,x) = u{T ~t,x) = Y^zl'"' , where K*'"' e 5'2'0([0, T]; R^) is the solution of 
BDSDE 112. 2\) . is a stochastic viscosity solution of SPDE il.S^) on finite time interval [0, T] . 

Remark 2.5 From the argument of Buckdahn and Ma we can see if we replace the condition 
w(0, ■) e C'i{W^) in Theorem \2.4\ by that v(0,x) is continuous w.r.t. x and E[\v{0, X^^)\'^] < oo, 
then the conclusion of Theorem \2.4\ remains true since £:[|t;(0,X^"=)|2] = £:[|r^''=|2] < oo guarantees 
the corresponding BDSDE has a square-integrable terminal value. 



3 Stationary Property of Solutions of BDSDEs 

The purpose of this section is to study the stationary property of the solution to infinite horizon 
BDSDE (jl.4p . In order to show the main idea, we first assume that there exists a unique solution 
^yt.x^ ^t.x^ g S'P^-^([0, oo); Mi)nM2'-^([0, cx)); R^) x M'^'-^{[0, oo); R'^) to BDSDE ^ and {t, x) 
y/'^ is a.s. continuous. The study of the existence, uniqueness and regularity of solution to BDSDE 
(|1.4p will be deferred to next section. 

We now construct the measurable metric dynamical system through defining a measurable and 
measure-preserving shift. Let 9t : i7 — > i7, t > 0, be a measurable mapping on {SI, P), defined by 

etoBs^Bs+t-Bt, etow, = Ws+t-Wt. 

Then for any s,t > 0, 

(i) P ■ = P; 

(ii) 9o = I, where / is the identity transformation on fi; 

(iii) 9so9t = 9s+t- 

Also for an arbitrary ^ measurable random variable 0, set 

9o(j>{uj) = (l){9{uj)). 
For any r > 0, s > t, x eW'', applying 9r to SDE pT^ . we have 
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ps+r rs+r 

9r o X*'^ = x+ b{9r o Xl;l^)du + / a{§r o Xl;^^)dWu. 

Jt+r Jt+r 

So under Condition (A. 4), by the uniqueness of the solution, we have for any r, t > 0, a; £ M**, 

Or o Xl''' = XlXl''', for all s > a.s. (3.1) 

For y e R\ .T, Z G R'*, let 

/(T, Y, Z) = /(X*'^ r, Z), 5(r, Y, Z) = F, Z). 

Here we take T = (s,t) as a dual time variable (t is fixed). Using (|3.ip we can verify that / and g 
satisfy the stationary conditions in Proposition 2.5 in [52 for any Or (r > 0), T, F and Z , then using a 
similar argument as in Theorem 2.12 in [22] we can deduce the following proposition by the uniqueness 
of BDSDE mi): 

Proposition 3.1 Assume BDSDE has a unique solution (K*'"", Z.*'"") G 5^ "-^([O, oo); R^) n 

A/2 -■K'([0,oo);Ri) X M2 --^([0, oo);R'*), then under Condition (A.4), (y,*'^Z*'^)^>o satisfies the fol- 
lowing stationary property w.r.t. 9.: for any r , t > Q, x £ , 

OroYy-" =YlX;^'\ 9r o Zl'--" = ZlXV for all s > a.s. 

In particular, for any r,t>0,x(£ R'', 

o y/'" = a.s. (3.2) 

If we regard Y*'^ as a function of {t,x), p.2p gives a "very crude" stationary property of Y. 
Borrowing the idea of perfecting crude cocycles in [T] and [2, we then prove the following theorem 
which makes the "very crude" stationary property of Y "perfect" . 

Theorem 3.2 Let [fl, J?, P) he a probability space and M. be a separable Hausdorff topological space 
with a-algebra M' . Assume Y{t,x,Lu): [0, oo) X R'* X f2 — > H is Br+ (8) Sjjd ® ^ measurable, a.s. 
continuous w.r.t. t, x and satisfies the "very crude" stationary property w.r.t. 9., i.e. for any t,r >0, 
x€R'^ 

droY{t,x,uj) =Y{t + r,x,uj) a.s. (3.3) 

Then there exists a Y{t, x, lu) which is an indistinguishable version ofY{t, x, lu) s.t. Y{t, x, uj) is Sr+ ® 
Sgd (g) ^ measurable, continuous w.r.t. t, x for all ui and satisfies the "perfect" stationary property 
w.r.t. 9.: 

Or o Y{t, X, uj) = Y{t + r, X, uj) for aU t,r>0, a; G R'' a.s. (3.4) 

Proof. From the continuity of Y{t,x,uj) w.r.t. t, x and using a standard argument, we easily see that 
for any r > 0, 

Or o Y{t, X, uj) = Y{t + r, X, uj) for alH > 0, a; G R'* a.s. (3.5) 



Define 
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M = {(r, Lo) -.OrO Y{t, X, uj) = Y{t + r, x, w) for all i, x}- 

n = {oj : {r,uj) G M for a.e. r}; 

SI* — {u! : drU! e n for a.e. r}; 

A(r, i, a;, w) = ° ^(^; 2;. uj) — Y{t + r, x, cj). 

Obviously, A(r, is measurable w.r.t. ® If we denote by Q and Q the 

normalized Lebesgue measure on M+ and M'* respectively such that (3(R+) = 1 and (5(M'') = 1, then 
by (E3D, 

Q®Q(^Q(E)P{A-\0)) ^ [ [ [ [ lA-i(o){r,t,x,uj)dPdQdQdQ^l, (3.6) 

Jr+ Jr+ Jr<i 

where / is the indicator function in (M+ x K+ x M'' x i7, Sr+ Bjg^d ® It is easy to see that 

M^{{r,uj): I lA-i(o){r,t,x,uj)dQdQ ^1} e Br+ (g)^. 
And by (|3.6p . we have 

Q(E)P{M)^Q®P{{{r,Lj): [ [ /^-i(o) (r, i, u;)dQdQ = 1}) 1. 
Similarly, we can also know 



n = {u;: / lM{r,Lu)dQ^l}e^ 
Jr+ 

and 

P(/2)=P({lj: [ lMir,uj)dQ = l}) ^1. 

Jr+ 

Moreover, the measurability of f2* can be seen easily as 

n* = {lj: [ I hiir, euUj)dQdQ = 1} £ J?. 

JR+ Jr+ 

And since i? has full measure, 

P{f2*) > P{{uj : Y{t + r, x, BuOj) ^ Y{t, x, Or o for a.e. r and u, and aU i, a;} Q i?) 

X, 9r+u>^) for a.e. r and u, and all x} i7) 
= P({w : Y{t + r', x, r(i, x, for a.e. r', and all i, x} Q 1?) 
= P(I)) 
= 1. 

One can prove 6'„i7* C fi* for any m > 0. Indeed, for any lo G Ouf2* , there exists a) e i?* s.t. ~ OuUJ 
and ^rii G ^ for a.e. r > 0. But 9rOJ — 0u+r<^ G ■f^ for a.e. r > 0, so uj E f2* . That is to say 9u^* C 
Define 

Y{t, X, Lu) — Y{t — r, X, OrUj), where r G [0, t] with 9rLu E SI, ii uj E SI* , 
r(<,x,w) = 0, ifwGi?* 
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An important fact is that if w £ then for an arbitrary r G [0, t] with OrLO G i?, Y(t — r, x, Oj-oj) is 
independent of r and 

Y{t~r,x,eruj) ^Y{t,x,uj). (3.7) 

To see this, as Oj-io € so there exists u > r s.t. {u, OrOj) G M and {u — r, 6rUj) G M . If not, it means 
for a.e. r there doesn't exist u satisfying (u, OrOj) € M and (m — r, ^^w) G A/. Then one can easily get 
the measure of {u : (u, 6j.uj) ^ M} is positive. That is a contradiction. So such a u certainly exists and 
satisfies 

9uY{t - r, X, OrUj) ^Y{t-r + U, X, OrUo) ^ Y{t, X, Ou-rOr^^) = Y{t, X, 9uOj). 

So 

Yit - r, X, 4w) = e;^^Yit, X, Ouuj) = X, Lo). 

Therefore p.7p is true and y (t, x, cj) doesn't depend on the choice of r. That is to say Y{t, x, uj) is well 
defined. Moreover (|3.7p implies that Y{t,x,Lu) = Y{t,x,uj) for alH > 0, x G M'' on a full measure set 
f2*, thus y(t,a;,a') and Y{t,x,uj) are indistinguishable. Define 

( B{r,t,x,uj) =Y{t - r,x,9rLu), ifrG[0,t], OrOJ e tl, and w G J7*, 
[ B{r, t, X, oj) — 0, otherwise. 

Then B{r,t,x,uj) is B]g^+ ® ;Br+ ,BRd (g) ^ measurable. By the definition of i7*, if G then for 
a.e. < r < t, 6',.cj G J7. We denote L(r) the Lebesgue measure in [0, t]. Since the countable base of H 
generates Jff and separates points, {H,J^) is isomorphic as a measurable space to a subset of [0, 1]. 
Consequently, for all t,x,u!, 

Y{t,x,Lu)^ [ B{r,t,x,u;)dL{r). 
Jo 

So by Fubini's theorem, Y{t,x,uj) is Br+ Sgd ® ^ measurable. Y{t,x,Lu) is a.s continuous w.r.t. 
t, X due to the a.s continuity of Y{t — r,x,uj). But there exists a null measure set G =^ s.t. 
{uj : Y{t, X, uj) is not continuous w.r.t. t, x} C N. Let Y{t, x, oj) on N equal 0. We still denote this new 
version of Y{t, x, uj) by Y{t, x, uj), then this version of Y{t, x, uj) is continuous for all uj. 

The remaining work is to check Y{t,x,uj) satisfies the "perfect" stationary property (|3.4p . For 
UJ e n* and aU r > 0, 0rUJ G 9rf^* C Pick a u s.t. 9uUJ G i7, ^«+rW G X), then by p.7p we have 

Y{t, X, 0rU}) = Y{t — u, X, 6't(+r'jj) = Y(t + r — u ~ r,x, 6u+rUj) 

= Y{t + r, X, uj) = Y{t + r -u,x, O^uj) = Y{t + r, a;, w). 

The theorem is proved. 
From now on, we neglect the difference between two distinguishable random processes. Then with 
Proposition 13.11 and Theorem 13. 2i it follows immediately that 

Theorem 3.3 If BDSDE (T^\) has a unique solution (K*-"', Z.*'"') G S'P'-^([0, oo); Mi)nM2^--^([0, oo); R^) 
X Af^'^^([0, oo); M'*) and {t,x) —>■ Y^''^ is a.s. continuous, then under Condition (A. 4), Y^'^ satisfies 
the "perfect" stationary property w.r.t. 9., i.e. 

o y/'"' = for all r, t>0, X eR"^ a.s. 



10 Q. Zhang 

4 Infinite Horizon BDSDEs 



In this section we first prove the assumption in Theorem 13.31 that BDSDE (|1.4p has a unique 
solution {Y.,Z.) G 5^--^ f] ^^^'"'^([0, oo); Ri) x Af^'-'^^ ([0, cx)); M'') is obtainable and reasonable under 
Conditions (A.1)-(A.4). To begin with, we briefly introduce the pioneering work by Pardoux and Peng 
in [TS] for the following finite horizon BDSDE: 

Ys = Yt+ I fir, Yr, Zr)dr - [ {g{r, Yr,Zr),d^Br) - [ {Zr, dWr). (4.1) 



Here we only consider M^-valued BDSDE for our purpose. One can also refer to ,18, for multi- 
dimensional BDSDE if interested. Assume 

(A.l)'. Functions / : H x [0,T] x x — > and g : Q x [0,r] x R^ x R*^ — > R' are ^ ® 
^[o,T] ®^Mi O^Rd measurable, and for any {y,z) e R^ x R'*, f{-,y,z) G A'P'°{[0,T];R^) and 
g{-,y,z) € M^'''([0, T]; R''), moreover there exist constants C > and < a < 1 s.t. for any 
r e [0,T], (yi,zi), {y2,Z2)eR' x R^ 

\.f{r,yi,z,)-f{r,y2,Z2)\^<C\yi~y2f + C\zi~Z2\^ 
\g{r,yi,zi) - g{r,y2,Z2)\'^ < C\yi - j/2p + a\zi - Z2\'^. 

Theorem 4.1 (TS]) Under Condition (A.l)', for any given V oo rneasurable Yt E L'^{ff), 
BDSDE 1^. j[ ) has a unique solution 

{Y,Z.) e 52'O([O,r];Ri)0M2,O([o,T];R'*). 



In [18], Pardoux and Peng also discussed a type of forward BDSDE, a special case of BDSDE (|4.1 



^ {g{Xl'-X'\Zl^l.d^Br)- f {Zl'\dWr), (4.2) 

J s 

where {Xl''^)t<s<T is the solution of SDE (|1.3p . Assume 

(A.2)'. Functions / : R'' x R^ x R'^ — > R^ and g : R'' x R^ x R'' — > R' are £§Rd measurable, 
and there exist constants C > and < a < 1 s.t. for any {xi,yi, zi), {x2,y2, ^2) G R'' x R^ x R'', 

\f{xi,yi,zi) ~ f{x2,y2,Z2)? < C\xi - a;2p + C\yi - ?/2p + C\zi - Z2p, 
|5i(a;i,yi,zi) - g(a;2, 2/2, ^2)^ < C|a;i - X2p + C\yi - y2p + "l^i - 2;2p- 



Theorem 4.2 Under Condition (A.2)', /or each x G R"* and any given J^t\I co rneasurable h 



For BDSDE (g^l), it is not difficult to deduce from Theorem [iH that 
2 Under ( 

satisfying /i(X^'^) G L'^{f2), BDSDE J^.iip has a unique solution 

(Y:*'^Z.*'"=) G S'2-O([i,T];Ri)0A/2.O([t^r];Rrf). 

In [TH], for the first time, Pardoux and Peng associated the classical solution of SPDE, if any, 
with the solution of BDSDE (|4.2p . They proved that under some strong smoothness conditions of h, 
b, (7, / and g (for details see [H]), u{t,x) = Y^"^ , where Y is the unique solution of BDSDE (|4.2p . 
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{t,x) e [0,T]xR^, is independent of and is the unique classical solution of the following backward 
SPDE 

u{t,x) — h{x)+ / [^u{s,x) + f(^x,u{s,x),a*{x)Du{s,x))]ds 
T 

{g{x, u{s, x), a* {x)Du{s, x)) , d^Bg), < t <T. 

Now let's turn to the existence and uniqueness of solution to the following infinite horizon BDSDE: 

e~'^'f{s,Ys,Zs)ds + —e-'^'Ysds 

e~'^'{g{s,Ys,Zs),SBs) - e-'^'{Zs,dWs), (4.3) 

or equivalently, for arbitrary T > and < t < T, 

j dVt = -fit, Yt, Zt)dt + {g{t, Yt, Zt),SBt) + {ZudWt), 



liniT^t^ e 2 "^Yr = a.s 



We assume that 



(H.l). Functions / : J7 x [0, oo) x x R'^ — >R^ and g : 12 x [0, oo) x x R'' — >W are ^ 
■^[0,00) ^ ■^Ri 'Sy> SS^d measurable, and there exist constants Ci, C > and < a < ^ s.t. for any 
(a;,i) e I2x [0,w), (yi,zi), (ya, ^2) e x R^, 

yi, zi) - /(i,y2, ^2)P < Cilyi - y^f + - ^2?, 
\g{t,yi,zi) - g(t,y2,Z2)\'^ < C\yi - y2\'^ + a\zi - Z2p; 

(H.2). There exist constants K p > d + 2, K < K' < 2K a.nd fi > with 2/i - K' - ^^^C > 

s.t. for any {uj,t) € f2 x [0, 00), yi, 7/2 eM.^, z e M'', 

(yi - y2){.f{t,yi,z) ~ f{t,y2,z)) < -n\yi - yap; 
(H.3). Forp, K in (H.2), /(•,0,0) G MP'-'^([0, 00); R^), 5(-,0,0) £ AfP'--^([0, 00); R'). 
Theorem 4.3 Under Conditions (H.1)-(H.3), BDSDE /las a unique solution 

{Y.,Z.) e SP--^C\A'P^-'^{[0,oo);R^)^A'P^-'^([0,oo);R'^), 
where the norm in S'p --^^([0, 00); R^) n A/^ --'^([O, 00); R^) Af ^ --f^ ([0, 00); R'') is defined as 

{{E[snpe-^'\-\P])p +E[ e~^'-\ ■ \^dr] + E[ e-^'-\ ■ \^dr])^ , 
t>o Jo Jo 

as in Pardoux U6^ . 

Proof. Uniqueness . Let (Fji, Z^) and (Fj^, Zf) be two solutions of BDSDE (4.1). Define 

Yt = Y,'-Y,^, Zt^Zl-Zl t>0. 
Applying Ito's formula to e'~^'^\Ys\^ , we have 
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E[e-'''\Ytf] + E[ y^(i - a)e-^^|Z,|2ds] + E[ i2fi -K- 3C)c-^^|n|'ds] 
< E[e-''^\YT\% (4.4) 

Taking if' as in Condition (H.2) and noting 2fi — K' — 3C > as well, we can see that (|4.4p remains 
true when K replaced by K' . Therefore, we have 

£^[e~^'*|r/] < e-(^'-^)^S[e-^^|yT|']. (4.5) 
Since sup2^>o -E[e~-^'^|FT|^] < oo, taking the limit as T cx) in (|4.5p . we have 

i?[e-^'*|ri|'] = 0- 

Then the uniqueness is proved. 

Existence . For each n e N, we define a sequence of BDSDEs as follows 

/n 1*71 i*n 

f{s,Yr,Z^)ds- {g{sXs\Zl'),SB,)~ {Z^,dWs). (4.6) 

Let (y^", ^r)t>« = (0, 0), and according to TheoremgTl BDSDE gH) has a unique solution (F", Z") E 
S'2:--ff p|M2'-'f^([O,oo);Mi)0M2 -'^([0,oo);M"). Also under Conditions (H.1)-(H.3), we can prove 
yn ^ SP-'^{[0,oo);R^) in the following lemma. 

Lemma 4.4 Let (yt")t>o be the solution of BDSDE then under Conditions (H.1)-(H.3), F" £ 

S'P'^^([0,oo);Mi). 

Proof. Let 

V'M(a;) - 2;'/{-A./<.<Af} + 2M{x - M)I{,>M} - 2M(.T + A/)/{,<_m} 
V'AT.pCa;) = a;2/|o<:E<Ar} + -N~ {x - N)I^^>m}- 

Applying generalized Ito's formula (c.f. Elworthy, Truman and Zhao [12j ) to e~^^LpN,p (VAf(>7)) to 
have the following estimation 



e 



-""'^NA^MiYD) - K / e-^>jv,p(V'Af(y"))dr 



1 ,, 

+- / e-^>^,p(^M(n"))iv^M(>;")Pi^;f rf'' 



6 ^ /V 



< 



>;v.p (^Af (y.")) /{-M<y,"< A/} I Prf*^ 

^>;v,p(V'Af(n"))^M(n")/(r, n", z;')dr 



e 



1 



e 



e 



''^>w,p(^Af(n"))/{-A/<y,"<A/}l5('^, 

e-^'V^.p (V'Af (r.")) I^M (>;") P l.gl'^, , Z-)\'dr 

-''WNMMiYn)^MiYn9ir, Y;\Z:^), SBr) 



-Kr,' 



VNA^M{Yn)^M{YnK, dWr). (4.7) 
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As {¥.''■, Z'-) e 52.-^^Qm2.-^([O,oo);R1)0M2^-^([O,oo);R'^) and (^;v,p(V^m(>;"))V'm(^/0 is bounded, 
taking the expectation on both sides, we know that aU the stochastic integrals have zero expectation. 
Using Conditions (H.1)-(H.3) and taking first the hmit as AI oo, then the hmit as iV cxo, by the 
monotone convergence theorem, we have 

{p^-K- fcllc - (3 + P±^C)e)E[ r e-^^Krr] 



/OO 

poo pOC 

<CpE[ e^'^''\f{r,0,0)\Pdr]+CpE[ e-^''\g{r,0,0)\Pdr] < oo. (4.8) 
Jo JO 

Note that here and in the foUowing the constant e can be chosen to be sufhciently small and Cp is a 
generic constant. Due to Conditions (H.l), (H.2) and the arbitrariness of e, all the terms on the left 
hand side of (j4.8p are positive. Furthermore, by the B-D-G inequality, Cauchy-Schwartz inequality and 
Young inequality, from (j4.7p we have 

£;[supe-^^|i;"|P] 



s>0 



< CpE[ / e-^'-|>""r"'i^"i'rf'-] + CpE[ / e-^n>;"rrf^] 

Jo Jo 



+CpeJ (e-^'-^;^^p(^M(r,")) |V4(>;")P) (e-^'-¥'^,p(V'M(r«)) |.g(r, F", 



< 



+CpE[^ J {e-^^ip'j,^p{^MiY;^)) |^m(>;")P) (e-^'-^^,, (Va/ (>;")) I ^."P)^^] 

poo poo 

CpE[ / e-^'-|>;"r"'i^;f '^^i + CpE[ / e-^n^Tr^^] 

Ja Jo 

/>OC 

+eii;[sup(e-^V;v,p(V^M(n"))|V^M(n")n] / e-^^^'^,^{^M(Yn)\9(r,Y,",Zj;^)\'dr] 

S>0 JQ 
'Kr , „ ( /"V^^T.\\| '7TL 1 2 , 



+CpE[ e-^>^.p(VM(>;"))|^;f dr]. (4.9) 
Jo 

Taking the limits as M, N ^ oo and applying the monotone convergence theorem, we have 

E[snpe-'^*\Yp\P]<CpE[ e''^^\Y,''\P~^\Zl^\^dr] + CpE[ e-^''|^"rf^^]- (4-10) 

s>0 Jo JO 

By gH), y" e S'P^--^([0,oo);Ri). LemmaSHis proved. o 



Remark 4.5 T/ie proof of Lemma \4-4\ ^^so works with p replaced by 2. Note that if /(•,0,0) G 
AfP'-^([0,oo);Mi), i/ien 6?/ ffoZder inequality, it turns out that fi-,0,0) G -^([0, oo); M^) and 
5(-,0,0) G M^'~-^([0, oo); M'). So it is easy to see in |^.g[ ) with p replaced by 2 that 

(Y:",Z.") G M2^-^'([0,oo);Ri){g)Af2^--^([0,oo);R''). 

For the rest of our paper, we will leave out the similar localization argument as in the proof of Lemma 
\4-4\ when applying Ltd 's formula to save the space of this paper. 
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Then back to the proof of Theorem 14.31 We will show that (F", Z") is a Cauchy sequence in the 
space of SP-'^ilO, oo); R^)r\Ap-^ {[0, oo);Ri) M'^-'^{[Q, oo);R''). First we show that, for m, n e N 
and m> n, 

lim i;[supe-^*|y™ - YtT] = 0. 

Define F™'" F™ - y^", Z"'" Z™ - Z^". 
(i) When n < t < m, 

Some similar calculations as in (|4.8p and (|4.10p lead to 

E[ sup e-^'lYt'^lP] < CpE[ e~'^'-\Y;^'\P'^\Z:^\^dr] + CpE[ e~'^'-\Y;''\Pdr] (4.11) 

n<t<m J n J n 

+CpE[ e-^''(|/(r,0,0)|P + |5(r,0,0)|P)dr] — > 0, as n, m — > oo. 



(ii) When < t < n, 

Y^m,n ^y:^+ I f{r, Yr, ZD - f{r, Y;\ Z,") 



(5(r, Yr, ZD - 5(r, y,", Z,"), rfts,^) _ / (Z™.", dw^,) 



Applying Ito's formula to e ■^»'|y^™:"|P and following a similar calculation as in (|4.7p and (|4.8p . we 
have for s < n, 

E[ e-^n>;'"^"r"'i^r^"i't^^]+^[/ e-^n^T'^r^^i < c'p^[e~^"|y„"|p]. (4.12) 

Jo Jo 
From (i), the right hand side of the above inequality converges to as n, m — > oo. By some similar 
calculations as in (|4.10p . we have 

E[ sup e-^*|y"'"|f] < Cp£;[e-^"|y7|P] ^0 as n,m ^ oo. 

0<t<n 

From (i) (ii), we have for m, n £ N, 

lim £:[supe-^*|yt" " ^"T] = 0. 

n,m— >oo t>0 

It is easy to see that the above arguments also hold for ^ = 2 in (|4.1ip and (|4.12p . Noting Remark |4 .51 
we have as n, m — > oo 

poo poo 

E[ / e-^n?r'"Pf^^] +E[ e-^'-|^r'"pf^^] — ^ 0. 

Jo Jo 

Therefore, (y", Z") is a Cauchy sequence in the Banach space S'p "^([O, oo); IRi)nM2 --^([0, oo); M^) (g) 
M2'-^([0,oo);R'^). 

We take {Yt, Zt)t>o as the limit of (y^", Zt")(>o in SP'-^{[0, oo); M^) n Af2.-'f^([0, oo); M^) (g) M^-"-^ 
([0, oo);]R'') and then show that {Yt, Zt)t>o is the solution of BDSDE First note that for t < n, 

(|4.6p is equivalent to 
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e-'^%g{s,Y^,Z^ld^Bs)- e-'^^Z^ ,dWs). (4.13) 
t Jt 

Actually BDSDE (|i?T^ converges to BDSDE in L'^{Q) as n — > oo. To see this, we verify the 

convergence term by term. For the first term, 

E[ |e-^*y," - e-^'FtH < £;[sup e-^'ly/' - Yt\^] ^ 0. 

t>o 

For the second term, by Holder inequality, 

/n , />oo , 

e~^ n", z'':)ds - e-^ zm''] 

/n pTi 
e-(^'-^>ds y e-^^|/(s,y,",z:')-/(s,n,Z,)pds] 



/•OO /'OO 

+2£;[/ e-(^'-^)^ds / e-^^|/(s,n,Z,)|2d,s] 



0. 



We can deal with the third term similarly as above and deal with two stochastic integration terms 
by Ito's isometry. Thus {Yt,Zt)fyQ is the solution of BDSDE (|4.3p and the proof of Theorem 14.31 is 
completed. o 

Then we consider the existence and uniqueness of solution to the following infinite horizon forward 
BDSDE: 

e-^'Y*'^ = I e-^V(X;'^i;*^^,Z*'^)dr + y — e^-^-'^F/'^dr (4.14) 
e-^'^(5(X;^^i;*'",Z*^"),dtB,} - / (t-'^^^ZY^dWr), s>0. 

J a 

We replace Condition (A.l) by 

(A.l)*. Functions / : R"* x x R'^ — > R^ and g : R"* x R^ x R'^ — > 9} are SS^i ® SS^i ® SS^d 
measurable, and there exist constants Co, Ci, C > and < a < ^ s.t. for any (xi,?/i,zi), 
(2:2,1/2,22) G R'^ x Ri x W^, 

\f{xi,yi, zi) - f{x2,y2, ^2)^ < Co\xi - X2p + Ci\yi - y2p + C\zi - Z2p, 
\g{xi,yi,zi) - g[x2,V2, ^2)^ < Cq\xi - X2p + C\yi - V2? + a\zi - Z2p. 

Proposition 4.6 Under Conditions (A.l)*, (A. 3), (A. 4), BDSDE 14-14^ has a unique solution 

(K*'", Z.*'") e 5P'-^([0, 00); Ri) n Af2^-^([0, 00); Ri) Af2--^([0, 00); M"^). 

Remark 4.7 For s G [0,i], BDSDE \4-H^ is equivalent to the following BDSDE 

e-^X^ ^ J e-^\f{x,Y^'=,Z^)dr + J —e-^^Y^dr 

e-^'^(g(a;,l;^Z;),dtA.)- / e-^'-(Z,% rfVF,). 



To unify the notation, we define (F/'^,Z*^^) = (F/,^^) when s G [0,t) 
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Proof of Proposition \4-6\ Let 

f{s, y, z) = f{Xl'\y, z), g{s, y, z) = ^(X*^^, z). 



We need to verify that /, g satisfy Conditions (H.1)-(H.3) in Theorem 14.31 It is obvious that /, g 
satisfy (H.l) and (H.2), so we only need to show that /, g satisfy (H.3) as well, i.e. 

E[ e-^''\f{s,0,0)\Pds] < oo 'And E[ e^^'\g{s,0,0)\Pds] < oo. 
Jo Jo 



Since 



noo noo poo 

E[ e-^'\f{s,0,0)\Pds]<CpE[ e-^'^C^I Js:*'^|f ds] + Cp£;[ / e-^'*|/(0, 0, 0)|fds], 
Jo Jo Jo 

we only need to prove E[J^ e~^''\Xl'^\Pds] < oo. Now applying Ito's formula to e^^^\X!^-'^\P and 
noticing Condition (A. 4), we have 

E[f e-^'-\Xl'''\Pdr]<e~^^x\P + CpE[f e'^"- {\b{0)\P + \\a{0)\\P)dr] < oo. 



Taking the limit of s and noting that (X*'^')s<t = x, we have E[J^ e ^"^iX^^'^lPdr] < oo. So 
E[J^ e-^'\f{s,0,0)\Pds] < oo. Similarly, E[J^ e-^'\g{s,0,0)\Pds] < oo. o 



Now we prove the other assumption in Theorem l3.31 i.e. the regularity of solutions of infinite horizon 
BDSDEs. An simple application of stochastic flow property proved in [T3] leads to 

Lemma 4.8 Under Condition (A. 4), for arbitrary T and t, t' G [0, T], x, x' belonging to an arbitrary 
bounded set in R**, the diffusion process {Xl'^)s>o defined in SDE \1.3\) satisfies 

poo 

E[ / e-^n^r''""' - Xl^''\Pdr] < Cp{\x' - x\p + \t' - t\i) a.s. 



We concentrate ourselves on the regularity of infinite horizon BDSDE (|1.4|) . which is a simpler form 
of BDSDE (|4T4ll . For arbitrary given terminal time T, the form of BDSDE 113) on [t, T] is jMH- 

Proposition 4.9 Under Conditions (A.1)-(A.4), let {Y^''^)s>o be the solution of BDSDE ll.4\ ), then 
for arbitrary T and t G [0,r], x G , {t,x) — > Y^'^ is a.s. continuous. 

Proof For t, t' , r > 0, let 

r> \rt' ,x' \rt.X ry ryt' .X ryt^X 

1 r — -t^ — 1^ , — ^ r 

Applying Ito's formula to ^^^^'^^f^^ and following a similar calculation as in ()4.7p . we have for 
< 5 < T, 

e-^ly-.r + (PA* - ^ - ^fc^C - .) \\~'-^^%\Pdr 
j\-^^\YAP-^\ZA'dr 
<e-'^'^\YT\P + Cp e-'^''\Xr\Pdr -p e-'^''\Yr\P-^Yr{gr,d'^ Br) 

J s J s 

-p / e''^''\Yr\P~'^Yr{Zr,dWr). (4.15) 
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Noticing Condition (A. 3), for < s < T, we have 

E[e-^'\Zn+E[J^ e-^''\Yr\Pdr]+E[j^ e-'^''\Yr\P~^\Zr\''dr] 

< CpEle-^^lYrl"] + CpE[ [ e-^H^rTdr]. (4.16) 



Since E[e "2 ^llrl^] < -E[sups>o ^ < 00, by the Lebesgue's dominated convergence theorem, 

we have 

hm Eie'^^lYrn = E[{ Um c-^^IFtD^'] = 0. (4.17) 

T — >oo T—>-oo 

So taking the limit of T in (|4.16p . by Lemma l4.8l and the monotone convergence theorem, we have 

E[ e-'^'-\Yr\P-'^\Zr\^dr]+E[ e-'^''\Yr\Pdr] < CpE[ e^-^n^rTdr]. (4.18) 
Jo Ja Jo 

From (|4.15p . by B-D-G inequaUty and (|4.17|) . we have 
E[snpe-^'\Ysn 

s>0 

<CpE[ e-'^''\Xr\Pdr]+CpE[ e-'^''\Yr\Pdr] + CpE[ e-^''\Yr\P~'^\Zr\^dr]. 
Jq Jo Jo 

By the above inequahty, Lemma [4.81 and (|4.18p . for arbitrary T > 0, i, t' G [0,T], x, x' befonging to 
an arbitrary bounded set in R'', we have 

E[supe-P^'\Ysn < CpE[ / e-^n^rTrfr] < Cp{\x' - x\p + \t' -t\^). (4.19) 

s>0 Js 

Noting p > d + 2 in (|4.19p . by Kolmogorov Lemma (see e.g. [13]), we have ' has a continu- 
ous modification for t G [0, T] and x befonging to an arbitrary bounded set in M'* under the norm 
supg>o e^^'*|yi'''''|. In particular, 

\im e-^*'|yj*''"'-i;^"| = 0. 

Thus we have a.s. 

\im |e-^*V/'"' - e-^*r/'"| < \im (|e-^*V/'"' - e-^*V,*'"| + |e-^*'i;^" - e-^*r/'"|) = 0. 

The convergence of the second term fohows from the continuity of F^*'^ in s. That is to say e~^*Y^"^ is 
a.s. continuous, therefore Y^"^ is continuous w.r.t. t G [0, T] and x befonging to an arbitrary bounded 
set in R''. 

Denote by B{0, R) the cfosed ball in R'^ of radius R centered at 0. It is obvious that Ufl=i B{0, R) = 
R'^. y/'"" is continuous w.r.t t G [0,T] and x G 5(0, i?) on i?^. Take n = 0^=1 , then P(i?) = 1. 
Now for any t G [0, T] and x G M.'^, there exists an R s.t. x G -8(0, R). On the other hand, for all uj E il, 
it is obvious that to G i7^. So Y^"^ is continuous w.r.t. t G [0,r] and x G R'' on Q. Proposition 14.91 is 
proved. o 
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5 Stationary Property of Stochastic Viscosity Solutions of SPDEs 

With the regularity of solution of BDSDE (|1.4|1 . for arbitrary given T, we can obtain a stochastic 
viscosity solution of SPDE ((LH) on the time interval [0, T] through BDSDE (fO)) . 

Theorem 5.1 Under Conditions (A.1)-(A.4), for arbitrary given T and t E [0, T], a; G M'', let v{t, x) = 
yx-!'"', where {Y*^^, Z*-^) ts the solution of BDSDE [T^ with Bs = Bts - Bt for all s > 0. Then 
v{t,x) is continuous w.r.t. t and x and is a stochastic viscosity solution of SPDE il.S^) on the time 
interval [0, T] . 

Proof Notice that Condition (A.l) is stronger than (A. 2)', so by Theorem BDSDE (fO)l has a 
unique solution Z*'"^) e SP''^ {[0,oo);R^) n M^'-^ {[0, oo);R^) M^'''^ {[0, oo);R''). On [t,T], 

BDSDE has a form of which can be associated with SPDE fO]) on [0, T] through time 

reversal transformation in (|2.ip . First note that by Proposition 14.91 v{t,x) defined by Y^Zt'^ is 

rp t , X 

a.s. continuous w.r.t. t G [0,T] and x G K'^. Moreover, since = A:*'^ for s > T, by the 

uniqueness of BDSDE (|1.4p we have Fj, ' ^ = F^'^ a.s., where Y. is the solution of BDSDE 
(|1.4p when the diffusion process X defined in (jl.Sp starts at time T and point a; G K*^. Therefore 
E[\v{Q,X*rf')\'^] = i;[|y^"^^'Y] = E[\Y^'^\'^] < oo. By Theorem [lH and Remark [231 we know that 
x) is a stochastic viscosity solution of SPDE (|1.2p on the time interval [0, T]. Theorem lS.ll is proved. 

o 

In the following, we show that the x) constructed in Theorem 15.11 is a stationary solution 
of SPDE (|1.2p . For this, we need first prove a claim that v{t,x){uj) = Y^Zt'^i'^) is independent of 
the choice of T. This independence can be proved by a similar argument as in (Page 186-187) 
since it is unrelated to which kind of solution (weak solution or stochastic viscosity solution) v is. 
Therefore, for any T' > T, y^j/'''(cj) = r^'j/'='(a)') when 0<t<T, where cj(s) = Bts ~ Bt and 

Uj'{s) = Bt'-s~Bt'. 

On the probability space {f2,^,P), we define 9t — {9t)^^, t > 0. Actually _B is a two-sided 
Brownian motion, so (^t)~^ — 0-t is well defined (see [I]). It is easy to see that 9t is a shift w.r.t. B 
satisfying 

(i) p.{9,)-^=P; 

(ii) 00 = /; 

(iii) OsoOf = 9s+t; 

(iv) 9toBs^ Bs+t - Bt. 

By Theorem 13.31 and the relationship between 9 and 9, we have 

9rv{t, x){uj) ~ d^rYx-t'^i'^) — 9 -r9rY^ZtZ^''^ {i2}) — Y^ZfZr'^ {(^) — v{t + r, x){lu), 

for all r > and T > t + r, x E M.'^ a.s. In particular, let Y{x,uj) — v{0,x){uj) = Y^'^{lu), then the 
above formula implies (jl.ip : 

9tY{x, Lu) = Y{x, 9tuj) = v{t, x){lo) = v{t, x, v{Q, x){uj)){uj) ^ v{t, x, Y{x, uj)){oj), 

for alH > 0, a; G a.s. That is to say v{t, x){uj) — Y{x^ 9tOj) — F^_r/'^(d)) is a stationary solution of 
SPDE (HHl) w.r.t. 9. 

Therefore we have the following conclusion 
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Theorem 5.2 Under Conditions (A.1)-(A.4), for arbitrary T and t G [0, T], let v{t,x) = Y^^t '^ , 
where (F,*'^, Z*'^) is the solution of BDSDE {T^J) with = Bts - Bt for all s > 0. Then v{t, x) is 
a "perfect" stationary stochastic viscosity solution of SPDE 
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